Abstract. We define a covering of a profinite graph to be a projective limit of a system of covering maps of finite graphs. With this notion of covering, we develop a covering theory for profinite graphs which is in many ways analogous to the classical theory of coverings of abstract graphs. For example, it makes sense to talk about the universal cover of a profinite graph and we show that it always exists and is unique. We define the profinite fundamental group of a profinite graph and show that a connected cover of a connected profinite graph is the universal cover if and only if its profinite fundamental group is trivial.
Introduction
In this work we develop the idea of coverings for abstract graphs and the topological covering space theory in the category of Profinite Graphs which is in many senses similar to the idea of a Galois Cover, first studied and coined by Pavel Zalesskii [8] . We define a more general covering of profinite graphs to be a projective limit of a system of covering maps of finite graphs. With this notion of covering, we developed a covering theory for profinite graphs which is in many ways analogous to the classical theory of coverings of abstract graphs and topological covering spaces.
We give a necessary and sufficient condition for a continuous map of profinite graphs to lift to a profinite covering graph. Our condition is a projective analogue of the well-known condition in the topological theory of covering spaces. We define the covering transformations in a similar way as in the classical theory and found that the group of covering transformations of a connected covering graph is a profinite group that acts freely and uniformly equicontinuously on the covering graph.
In light of our definition of a covering of profinite graphs we define a regular covering of profinite graphs to be a projective limit of regular coverings of finite path connected graphs. At this point we show that our regular cover turns to be what Zalesskii has called a Galois cover. We prove that the action of the group of covering transformation of a regular covering graph is continuous, residually free and is simply transitive on each vertex fiber. Conversely, we show that if a profinite group acts continuously and residually freely on a profinite connected graph Γ, without edge inversions, then the corresponding orbit mapping is a regular covering map of profinite graphs; moreover the profinite group turns out to be the group of covering transformations of the corresponding covering graph. We also give a criterian for a map of profinite graphs to be a regular covering in terms of Good Pairs of compatible cofinite entourages. We show that, any closed subgroup H of G, the group of covering transformations of a regular covering graph, gives rise to a profinite covering graph of the corresponding base graph, and this is again a regular covering if H is a normal subgroup of G. Moreover, the original regular covering graph is a regular covering arising in that way with H = G.
We define the profinite analogue of fundamental group first in the special case of a finite discrete graph. Then we extended this idea to an arbitrary profinite graph by taking the projective limit of the profinite fundamental groups of its finite discrete quotient graphs. We notice that for any map of profinite graphs there exists a natural induced homomorphism of the profinite analogue of the fundamental groups.
We define a universal covering of profinite connected graphs by way of a universal mapping property as in the case of universal coverings of abstract connected graphs and path connected topological spaces. We first notice that if the universal cover of a profinite connected graph exists then it is unique up to isomorphism of profinite covering graphs. We give a construction of the universal profinite covering graph for any connected profinite graph. Then, by examining the graphs arising from this construction, we get a better understanding of the properties of universal profinite covering graphs. In particular, we show that a universal covering of profinite graphs is a regular covering. From our construction we also notice that a connected covering graph is the universal covering of the base graph if and only the profinite analogue of the fundamental group of that covering graph based at any of its vertices is trivial. Applying results of regular coverings and good pairs to the universal covering of a connected profinite graph ∆ leads to a characterization of all profinite covering graphs of ∆ in terms of closed subgroups of the group of covering transformations of the universal profinite covering graph of ∆.
Definition and elementary properties
For more details about cofinite graphs and profinite graphs see [1] .
By a covering of profinite graphs, we will mean a projective limit of an inverse system of locally bijective maps of finite discrete graphs. To make this precise, we first discuss inverse systems of maps of cofinite graphs in general.
Let I be a directed set. An inverse system of maps of cofinite graphs (f i : Γ i → ∆ i , φ ij , ψ ij ) indexed by I consists of: (iii) for all k ≥ j ≥ i, we require that φ ik = φ ij φ jk and ψ ik = ψ ij ψ jk , furthermore for all
In other words, an inverse system of maps of cofinite graphs is an inverse system in the category whose objects are continuous maps of cofinite graphs and whose morphisms are pairs of continuous maps of graphs that form commutative diagrams.
An inverse limit of the system (f i : Γ i → ∆ i , φ ij , ψ ij ) consists of: If the inverse limit exists, then it is unique up to a natural isomorphism of graphs.
To see that such inverse limits exists, we can construct the inverse limit of an inverse system
of maps of cofinite graphs as follows:
; denote the canonical projections by φ i : Γ → Γ i and
i∈I form a compatible family of continuous maps of graphs and thus induce a continuous map of graphs f : Γ → ∆. It can be shown that these maps satisfy the requirements of the inverse limit.
Since the inverse limit is unique up to isomorphism of cofinite graphs, we write
or f = lim ← − f i when the system of maps is understood. Our definition of a covering can now be stated precisely as follows.
Definition 1 (Covering). A map of profinite graphs f : Γ → ∆ is a covering if it is the inverse limit of an inverse system of maps of graphs (f i :
locally bijective map of finite discrete graphs. In this situation, we call the pair (Γ, f ) a profinite covering graph of ∆.
For the rest of this subsection, let I be a directed set and let (f i : Γ i → ∆ i , φ ij , ψ ij ) be an inverse system of locally bijective maps of finite discrete graphs, indexed by I. Then the inverse limit f : Γ → ∆ of this system is a covering map of profinite graphs. Denote the canonical projections by φ i : Γ → Γ i and ψ i : ∆ → ∆ i .
Remarks 2.
( 
(3) We may assume that the canonical maps ψ i : ∆ → ∆ i are surjective, and thus
(4) If both ∆ and Γ are connected, then we may assume that each ∆ i and each Γ i is path connected.
Proof. We will now provide brief proofs of the above remarks. We frequently use a few facts about inverse limits of profinite graphs listed as Mathematical Preliminaries.
(1) Since Γ is closed, in itself lim ← − φ i (Γ) = Γ and similarly, ∆ = lim
i ψ i , are compatible cofinite entourages over Γ and ∆ respectively, for each i ∈ I. Without loss of generality one can take Γ/R i = φ i (Γ). Thus we can
Now let R be any compatible cofinite entourage over Γ and let η R : Γ → Γ/R be the natural quotient map. There exists some R i such that the following diagram commutes for some continuous map of graphs 
φ RR i
Hence R i ⊆ R. Thus {R i | i ∈ I} forms a fundamental system of compatible cofinite entourages over Γ. Similarly {S i | i ∈ I} forms a fundamental systems of compatible cofinite entourages over ∆.
will now be viewed as g i : Γ ′ i → ∆ ′ i . It turns out that each g i is locally bijective and (Γ ′ i , φ ij ) i,j∈I,j≥i forms an inverse system of finite discrete graphs (by a little abuse of notation, we assume
So without loss of generality, we are able to replace ∆ i
each ∆/S i is path connected and we may assume that each ∆ i is path connected. 
Thus without loss of generality we may assume that each Γ i = Γ ′ i is path connected.
In the following lemma, we list some elementary properties of coverings. (c) For each edge e ∈ ∆, we define a map a → a.e from f −1 (s(e)) to f −1 (t(e)) by requiring that s(ẽ).e = t(ẽ) for allẽ in f −1 (e). Then a → a.e is an isomorphism of uniform spaces.
where each f i is locally bijective.
(a) Since for each i ∈ I, f i is locally bijective it follows that f is also so.
(b) By remark (4) each ∆ i is path connected. Since (Γ i , f i ) is a (nonempty) covering graph of the path connected graph ∆ i , it follows that each f i is surjective. Let y ∈ ∆ be given and write
i (y i ) is nonempty and compact for each
Moreover since f is a continuous map from a compact space Γ to a Hausdorff space ∆ it is a closed continuous surjection and hence a quotient map.
(c) Let τ : f −1 (s(e)) → f −1 (t(e)) denote the mapping taking a → a.e where a.e = t(ẽ) whenever s(ẽ) = a, for allẽ in f −1 (e). τ is a well defined bijection with inverse η : f −1 (t(e)) → f −1 (s(e)), the mapping taking b → b.e.
We use Remark 2 to prove this. Consider R i for some i ∈ I. Let, a 1 , a 2 ∈ f −1 (s(e)) and (a 1 , a 2 ) ∈ R i . Then, φ i (a 1 ).ψ i (e) = φ i (a 2 ).ψ i (e) where we consider the map
) in the corresponding finite graph level behaving ex-
Thus it follows that (a 1 .e, a 2 .e) ∈ R i . So, τ is uniformly continuous. Hence the result follows.
General lifting criterion
In this subsection we give a necessary and sufficient condition for a continuous map of profinite graphs to lift to a profinite covering graph. Our condition is a projective analogue of the wellknown condition in the topological theory of covering spaces. As in that classical theory, we first observe that the usual uniqueness of lifts result holds for coverings of profinite groups.
Let f : Γ → ∆ be a covering of profinite graphs and fix an inverse system (f i : for some c ∈ Σ, then h 1 = h 2 .
Proof. Let us first notice a general fact about maps of profinite graphs and compatible cofinite entourages.
If f : Γ → ∆ is a map of profinite graphs and R, S be two compatible cofinite entourages over
, for all x ∈ Γ is a well defined map of graphs.
Without loss of generality we may assume that c ∈ V (Σ). Let h 1 (c) = h 2 (c). Let us take
x ∈ Σ. Consider h 1 (x) and h 2 (x). Let i ∈ I. Set
So, now consider the natural maps of graphs g S i T i : Σ/T i → ∆/S i and
consider the natural maps of graphs (
. Now we have Γ/R i is embedded inside Γ i as a subgraph, and so is ∆/S i inside ∆ i , where f i : Γ i → ∆ i is a local bijection of finite graphs and the restriction of f i over Γ/R i is f S i R i . Hence by the results of abstract graph theory it follows that (h 1 ) R i T i = (h 2 ) R i T i since Σ/T i is path connected and f S i R i is locally injective. Thus we have for any x ∈ Σ, (h 1 (x), h 2 (x)) ∈ R i , for all i ∈ I. Thus , 
where, by abuse of notation,
is the induced map of fundamental groups obtained from the map of abstract graphs
By the general lifting criterion of finite graphs there exists a unique lift
where q T i : Σ → Σ/T i is the natural quotient map. Then h i is a continuous map of graphs as h i
is a continuous map of finite discrete graphs and q T i is a quotient map of graphs and hence both of them are continuous. 
h i is independent of the choice of T i . This follows, since Σ is a profinitely connected graph and
is a covering map of profnite graphs we can apply Lemma 4,. So, now we define h : Σ → Γ as h(x) = (h i (x)) i∈I . Let us check that h(x) ∈ Γ. So, we have to show that for any x ∈ Σ, i ≤ j ∈ I, φ ij h j (x) = h i (x). It follows by Lemma 4, since φ ij h j (c) = h i (c) and
Here h, being a continuous map of profinite graphs (as each h i is so), is also a uniformly continuous map of profinite graphs. Clearly, f h = g. Also, the choice of h is unique by Lemma 4.
Conversely, let such h exist. Let i ∈ I and let R i , S i be as in remark 2 to Definition 1. Then
is a compatible cofinite entourage over Σ By the lifting criterion of finite graph theory it follows that
Covering transformations
We begin by defining homomorphisms and isomorphisms of covering graphs of a given profinite graph in the usual way. Here, and elsewhere, let ∆ be a fixed profinite graph.
Definition 6. Let (Γ 1 , f 1 ) and (Γ 2 , f 2 ) be profinite covering graphs of ∆. A homomorphism
such that both gh and hg are identity maps.
An isomorphism h of a profinite covering graph (Γ, f ) of ∆ to itself is called an automorphism or covering transformation. The set of all covering transformations of (Γ, f ) is a group under composition of maps; we denote it by Aut(Γ, f ).
As an immediate consequence of Lemma 4 we see that: if (Γ 1 , f 1 ) and (Γ 2 , f 2 ) are connected profinite covering graphs of ∆, and if h 1 and h 2 are homomorphisms from (
Applying this to covering transformations, we obtain the following. A group action of an abstract group G on a uniform space X is said to be uniformly equicontinous if the set of translations {x → g · x | g ∈ G} is a uniformly equicontinous family of functions from X to itself, that is, if for each entourage W of X, there is an entourage V of X such that
Lemma 8. If f : Γ → ∆ is a covering of profinite graphs and Γ is connected, then the group Aut(Γ, f ) acts uniformly equicontinuously on Γ.
Proof. Let (f i : Γ i → ∆ i , φ ij , ψ ij ) be an inverse system of locally bijective maps of finite discrete graphs such that f = lim ← − f i . Suppose that I is the directed index set corresponding to this inverse system. Then for i ∈ I and each α ∈ Aut(Γ, f ), the map φ i α is a lift of ψ i f to the finite covering Since, by Lemma 4, two lifts of ψ i f are equal if they agree at one point, it follows that the set of
It follows that the (finite) intersubsection
is a fundamental system of entourages of Γ. Thus it follows that the action of Aut(Γ, f ) on Γ is uniformly equicontinous.
Given a connected profinite covering graph (Γ, f ) of ∆, the previous lemma shows that Aut(Γ, f ) acts uniformly equicontinuously on Γ. Thus, by [1] , Aut(Γ, f ), with the uniformity induced by its action on Γ, is a cofinite group. From here on, we will always endow the group of covering transformations of a connected profinite covering graph with its cofinite group structure arising in this way. Moreover, we next prove that even more is true.
For more details about groups acting on cofinite and profinite graphs see [1] .
Lemma 9. If f : Γ → ∆ is a covering of profinite graphs and Γ is connected, then Aut(Γ, f ) is a profinite group.
Proof. Since G = Aut(Γ, f ) acts uniformly equicontinuously on Γ. Hence, G, the profinite completion of G with respect to the induced separating filter base of cofinite congruences obtained from the action of G over Γ, also acts over Γ uniformly equicontinuously. In order to show that G is compact we wish to show that G ⊆ G. Let α ∈ G. Then since the action of G over Γ preserves the graph structure of Γ, α : Γ → Γ is a map of graphs. Also α is continuous as the group action of G over Γ is uniformly continuous, by [1] . Also α −1 ∈ G, as G is a group. So, α : Γ → Γ is a continuous map of graphs with continuous inverse. Now in order to show α ∈ G we have to prove
is the fundamental system of G-invariant compatible cofinite entourages over Γ, N R is the cofinite congruence over G corresponding to the compatible cofinite entourage R, due to the group action G × Γ → Γ, and α R ∈ G, for all R ∈ J. So, for any i ∈ I, there exists a G-invariant compatible cofinite entourage R ⊆ R i . It follows that for all i ∈ I, and for all x ∈ Γ, since f
Combining the above lemmas, we have the following theorem.
Theorem 10. Let f : Γ → ∆ be a covering of profinite graphs, where Γ is connected. Then the group of covering transformations Aut(Γ, f ) is a profinite group that acts freely and uniformly equicontinuously on Γ.
Regular coverings
In light of our definition of a covering of profinite graphs (Definition 1), it seems only natural to define a regular covering of profinite graphs to be a projective limit of regular coverings of finite path connected graphs. This is what we do in this subsection. However, in the next subsection we will see that there is an equivalent (more intrinsic) way to describe regular coverings.
Definition 11 (Regular covering). A map f : Γ → ∆ of profinite graphs is a regular covering if it is the inverse limit of an inverse system of maps of graphs (
where each f i : Γ i → ∆ i is a regular covering of path connected finite discrete graphs. In this situation, we call the pair (Γ, f ) a regular profinite covering graph of ∆.
Throughout this section let f : Γ → ∆ be a regular covering of profinite graph which is the inverse limit of an inverse system of maps of graphs (
is a regular covering of path connected finite discrete graphs. We know that in this situation, all Γ i , ∆ i are path connected as in remark 4 in section 2. Also we will assume everywhere in this section that G = Aut(Γ, f ), the group of covering transformations of the regular profinite covering graph Γ corresponding to f.
We first show that, just as for regular coverings of path connected graphs and spaces in the classical sense, the group of covering transformations of a regular profinite covering graph acts transitively on each fiber. Proof. Consider a ∈ V (Γ) and let h(a) = c. Then
By the lifting criteria of Path Connected Coverings, for each i ∈ I, there exists a unique bijective map of graphs
) i∈I where x = (x i ) i∈I . By Lemma 4, α is a well defined continuous map of graphs as each h i is so. It can be shown that f α = f . By the uniqueness part in Lemma 4 we
Hence the lemma follows. Proof. f is a covering of a profinite connected graph by Lemma 8, so G acts uniformly equicontinuously over Γ. Hence Γ has a fundamental system of G-invariant compatible cofinite entourages.
Consider the group action of G/N R i over Γ/R i which is induced by the action of G over Γ. For details see [1] . Let
This means (hy, y) ∈ R i for all y ∈ Γ. This implies (h, In the next subsection we prove that, conversely, every continuous residually free group action of a profinite group on a connected profinite graph gives rise to a regular covering. 
, we have the two commutative diagrams as follows: where f R : Γ/R → (Γ/R)/G is the quotient map of graphs corresponding to the group action of
. Also φ R is the natural quotient map from Γ to Γ/R, and The proof follows since each R ∈ I is G-invarient. The proof follows by using the previous claims and since, for all R ∈ I, G/N R acts freely on Γ/R with quotient graph (Γ/R)/G, the orbit map f R : Γ/R → (Γ/R)/G is a regular covering of finite graphs.
So, combining Claim (1) through Claim (4), we deduce that Γ/G is a profinite graph
It turns out that f ′ = f and hence orbit mapping f : Γ → Γ/G is a regular covering of profinite graphs.
Clearly, G ⊆ Aut(Γ, f ) and by uniqueness of lifts Aut(Γ, f ) ⊆ G. Now note that the group action of G over Γ is uniformly continuous. So, since {N R | R ∈ I} form a fundamental system of entourages of Aut(Γ, f ), it follows that the identity map from G to Aut(Γ, f ) is uniformly continuous and hence a homeomorphism as G and Aut(Γ, f ) are compact Hausdorff spaces. Hence, the result follows.
We next observe that, the converse of the lemma 18 is true for regular coverings of profinite graphs; we do not know whether or not the converse holds for non-regular coverings. Hence, regular coverings can be characterized as follows. 
as in the Claim (2) in the proof of Theorem 19
and 
Now, let H be a normal subgroup of G. In order to show f H is a regular covering we wish to show that each f HR is a regular covering of finite path connected graphs. This follows since G acts on (Γ/R)/H via covering transformation.
Profinite fundamental groups and the Universal coverings
The goal of the next subsection is to construct a universal covering of any connected profinite graph ∆.
We define a profinite analogue of the fundamental group of an abstract graph. Just as we have defined most notions here, we define this first in the special case of a finite discrete graph and then extend to an arbitrary profinite graph by taking the projective limit of the profinite fundamental groups of its finite discrete quotient graphs. Remarks 24. The structure, defined above is well defined by [3] .
Next we define homomorphisms on profinite fundamental groups induced by continuous map of profinite graphs. 
. 
Lemma 26. For any two continuous maps of profinite graphs f from (Γ, a) to (∆, b) and g
Lemma 27. If f : Γ → ∆ is an isomorphism of profinite graphs, then for any vertex a in Γ the induced homomorphism f * :
is an isomorphism of profinite groups.
From now we will denote the induced homomorphism f * : π 1 (Γ, a) → π 1 (∆, f (a)) simply by f : π 1 (Γ, a) → π 1 (∆, f (a)) whenever f : Γ → ∆ is a continuous map of profinite graphs and a is a vertex in Γ.
Lemma 28. If f : Γ → ∆ is a covering of profinite graphs, then for any vertex a in Γ the induced
Proof. The proof of the result follows by [3] . there exists a compatible cofinite entourage
Proof. Let us first assume that π 1 (Γ, a) = 1. Then, let H be any subgroup of finite index in
) for some compatible cofinite entourage R over Γ. Without loss of generality we can assume that H is a normal subgroup of finite index. Let the closure of H in π 1 (Γ/R, R[a]) be denoted by H. Also
Now each φ RR ′′ is a continuous map from a compact space to a Hausdorff space. So each
. Thus by the finite intersubsection property of compact topological space there exists finite number of compatible cofinite entourages R 1 , R 2 , ...Rn over Γ, with R i ⊆ R, for all i = 1, 2, ..., n, such that
Thus for the compatible cofinite entourage
For the converse part choose any γ ∈ π 1 (Γ, a), then, for any compatible cofinite entourage R over Γ, consider
Now let N be a normal subgroup of finite indexed in
say, is a normal subgroup of finite index in π 1 (Γ/R, R[a]). So, by the given condition, there exists a compatible cofinite entourage R ′ over Γ, with
Hence by our earlier work we have,
hence the result follows. Proof. Proof of the result follows by the previous lemma and Theorem 5.
Lemma 31. If Γ is a connected profinite graph and π 1 (Γ, a 0 ) = 1 for some vertex a 0 , then
Proof. We show that the property of the previous lemma holds for any vertex a given that it holds for the vertex a 0 . Let R be a compatible cofinite entourage over Γ and let H be a nor- 
. We then have the following commutative diagram of continuous group homomorphisms. 
and H is a normal subgroup of π 1 (Γ/R, R[a]). Therefore, applying the previous lemma, we have where
is the group homomorphism induced by the map of graphs
where (∆ i , ψ ij ) i,j∈I,j≥i is the corresponding inverse system and the vertex b can also be viewed as (b i ) i∈I .
It turns out that that J is a directed set with respect to the order ′ ≥ ′ .
By virtue of the lifting criterion of finite graphs and uniqueness of lifting we have an inverse system of finite discrete graphs {(Γ SN , a SN )} along with a family of continuous maps of graphs Now for any R SN in K, ∆/R SN is a finite discrete graph and
) is a continuous map of graphs. Thus for any (P, M ) ∈ J with (P, M ) ≥ (S, N ) and for the continuous map of graphs
) the following diagram commutes.
φ SN
Let R P M = φ Now it turns that H is a subgroup of G. Since H is a subgroup of G all G-invariant compatible cofinite entourages R over Γ are also H-invariant. It follows that H is a uniform subspace of G.
So, by Theorem 19, H is compact and G is Hausdorff. Hence H is closed in G.
